Abstract We characterize a conformal hyperbolic metric with finitely many singularities on a compact Riemann surface by some bounded projective function on the surface compatible with the singularities.
Introduction
Let X be a compact Riemann surface and D = n j=1 (θ j − 1) P j be a Rdivisor on X such that 1 = θ j ≥ 0 and P 1 , · · · , P n are n distinct points on X. We call ds 2 a conformal metric representing D if ds 2 is a smooth conformal metric on X\supp D := X\{P 1 , · · · , P n } and in a neighborhood U j of P j , ds 2 has form e 2u j |dz| 2 , where z is a local complex coordinate defined in U j centered at P j and the smooth real valued function v j := u j − (θ j − 1) ln |z| if θ j > 0 u j + ln |z| + ln − ln |z| if θ j = 0 on U j \{P j } extends to a continuous function on U j . We also call that ds 2 has cone singularity of angle 2πθ j at P j as θ j > 0, and has cusp singularity at P j as θ j = 0. J. Nitsche [10] and M. Heins [6, § 18] proved that an isolated singularity of a conformal hyperbolic metric must be either a cone singularity or a cusp one. By the Gauss-Bonnet formula, if ds 2 is a conformal hyperbolic metric representing D = n j=1 (θ j − 1) P j on X, then there holds χ(X) + n j=1 (θ j − 1) < 0. M. Heins [6] studied the properties of S-K metrics and applied it to showing Theorem 1.1. ([6, Chapter II]) There exists a unique conformal hyperbolic metric representing a R-divisor D = n j=1 (θ j − 1) P j with θ j ≥ 0 on a compact Riemann surface X if and only if χ(X) + n j=1 (θ j − 1) < 0. Actually the history of this problem goes back to Picard [11] , who studied the hyperbolic metrics with cone singularities. After Heins' work [6] , both McOwen [9] and Troyanov [14] , who were unaware of [6] apparently, proved the theorem for the case of θ j > 0 by using different PDE methods.
In this manuscript, we shall understand the metrics in the theorem from the viewpoint of Complex Analysis by using the language of developing map [12, § 3.4] and [3, . We need prepare some notions to state our results. We call a multi-valued locally univalent meromorphic function f : S → P 1 := C ∪ {∞} on a Riemann surface S, not necessarily compact, a projective function if the monodromy of f lies in the group PSL(2, C) consisting of all Möbius transformations. We call a projective function f on X\supp D is compatible with D if and only if the Schwarzian derivative
of f has the form of
where z is a complex coordinate centered at P j , b j is a constant, and h j (z) is holomorphic near P j . We note that the constant
in {f, z} does not depend on the choice of z. We find an equivalence between hyperbolic metrics with singularities and some bounded projective functions in the following A combination of Theorem 1.1 and Theorem 1.2 imply the existence of a class of bounded projective functions. Remark 1.2. The hyperbolic metrics on the Riemann sphere with 3 singularities were expressed explicitly in [1, 8, 16] by using Gauss' hypergeometric functions and some refined properties of the metrics were also studied there.
We conclude this section by explaining the organization of this manuscript. In Section 2, by the PDE method, we prove the necessary part of Theorem 1.2. In Section 3, to prove the sufficient part, we use the necessary part and the fact by J. Nitsche [10] that an isolated singularity of a conformal hyperbolic metric must be either a cone singularity or a cusp one, and propose 2 questions. 
2 , which has the form of
, where z is a complex coordinate centered at P j , b j is a constant, and h j (z) is holomorphic near P j . That is, f is compatible with D near each cone singularity of ds 2 . However, the same argument could not go through for {f, z} near the cusp singularities of ds 2 . In the left part of this section, we shall show by a different PDE method from [13, Lemma, Section 3] that f is compatible with D near each cusp singularity.
Take a cusp point P = P j such that θ j = 0 and choose a complex coordinate chart, say U = {|z| < 1/2}, centered at P such that U does not contain any other singularities of ds 2 . Denote by g = e 2u |dz| 2 the restriction of ds 2 to the punctured disk U * := U\0. By the definition, v := u+ln |z|+ln(− ln |z|) is continuous on U. Choose a developing map, say f : U * → D, for the hyperbolic metric g. Then we have
It suffices to show that {f, z} = 1 
We need two lemmas for the proof of Theorem 2.1.
Here and later on we omit in the integrals the standard Lebesgue measure
Proof. The proof is divided into three steps.
Step 1 Since g = e 2u |dz| 2 is a hyperbolic metric on U * , we have ∆u = 4
2u on U * . Since v = u + ln |z| + ln(− ln |z|), we rewrite the former equation to the following one
Recall that v is continuous in U and h is locally integrable in U. Hence, both sides of this equation can be thought of as distributions in U. Now we shall prove that this equation holds in U in the sense of distribution. As a distribution, the support of ∆v − h is contained in {z = 0}. By [7, Theorem 2.3.4], ∆v − h equals a linear combination of the Dirac delta function δ 0 and its partial derivatives, i.e. ∆v−h = ΣC α ∂ α δ 0 , where there are at most finitely many nonzero constants C α . Take an arbitrary multi-index α and fix it. We can choose a function φ ∈ C ∞ 0 (U) such that ∂ α φ(0) = 0 and
Moreover, since U ∆φ = 0 and v is continuous at z = 0, we have
, which implies C α = 0. Thus ∆v = h on U as distributions.
Step 2 Recall that v is smooth in U * and continuous at z = 0. We shall prove
Choose a family {χ ǫ : ǫ > 0} of compactly supported smooth functions in C such that C χ ǫ = 1 and supp χ ǫ ⊂ {|z| ≤ ǫ}. Since v is continuous on U, the convolutions v k := χ 1 k * v, k = 5, 6, 7, · · · , are well defined smooth functions in D, which converge uniformly to v on D as k → ∞. Moreover, 
Then we show that the integrals D * |∇v k | 2 are uniformly bounded for all k = 5, 6, 7, · · · . Using integration by part, we have
Recall that v k → v uniformly on D and
uniformly on ∂D. The Problem is reduced to showing that D |∆v k | is uniformly bounded. Actually, as k ≥ 5, we have
Thus we conclude D * |∇v| 2 < +∞. . Therefore, we complete the proof.
In particular, z = 0 is at most a simple pole of F (z). Since both ∂v ∂z
and thenṽ ∈ W 2,2 (D). By the Sobolev embedding theorem, we obtain
In fact, defining , by the Hölder inequality, we obtain
As long as the the second summand z
Since F is holomorphic and integrable in D * , z = 0 is at most a simple pole of F .
Proof of Theorem 2.1 We prove by contradiction. Suppose that F (z) has a simple pole at z = 0 with residue −λ 2 /4, where λ ∈ C * and ℜλ ≥ 0. Take a developing map f : U * → D of the restriction of the hyperbolic metric ds 2 to U * . Moreover, we have {f, z} = 
and two questions
The ending of the proof of Theorem 1.2. We need show the sufficient part of Theorem 1.2. Let f : X\supp D → D := {w ∈ C : |w| < 1} be a projective function which is compatible with D and has monodromy in PSU(1, 1) of D. Then ds 2 := f * g st becomes a conformal hyperbolic metric on X\supp D such that each point P j is an isolated singularity of it. Then we prove that ds 2 represents D in two different ways.
The first way By the result of J. Nitsche [10] , the isolated singularity P j of the conformal hyperbolic metric ds 2 is either a cone or cusp one. Then by the sufficient part of Theorem 1.2, {f, z} has form 1−α 2 2z 2 + · · · near P j , where the constant
is independent of the choice of the complex coordinate centered at P j . Since f is compatible with D, we have that α = θ j and ds 2 represents D.
The second way The argument is similar as in the proof of Theorem 2.1. If θ j / ∈ Z, then by only using the Frobenius method, we find easily that P j is a cone singularity of angle 2πθ j as θ j > 0, and it is a cusp singularity as θ j = 0. If θ j ∈ Z >1 , since |f | < 1, we could rule out the possibility that f may have the logarithmic singularity at P j and find that P j is a cone singularity of angle 2πθ j .
Hence we complete the whole proof of Theorem 1.2.
At last, we propose the following two questions. Question 3.1 Since the projective function f : X\supp D → D in Theorem 1.2 could be expressed by a power functions with respect to a suitable complex coordinate centered at each cone singularity, f extends to a multivalued continuous function on X\{P j : θ j = 0} taking values in D. We ask if f : X\{P j : θ j = 0} → D is always onto or not. If so, the image would be an open dense subset of D so that we could remove the superfluous condition in Theorem 1.2 that f has monodromy in PSU (1, 1) . The Uniformization Theory [4, Chapter IV] shows that the answer to the question is positive as θ j ∈ {0, 1/2, 1/3, · · · } when the image of f only misses a discrete subset of D.
Question 3.2 Use the notions in Theorem 1.2 and assume that θ j 's are non-negative rational numbers. What is the necessary and sufficient condition for D = n j=1 (θ j − 1)P j under which the monodromy group of the projective function f is discrete in PSU(1, 1)? It is the case as θ j ∈ {0, 1/2, 1/3, · · · } by the Uniformization Theory. Also a conceptual necessary and sufficient condition was given in [2, Theorem 3.29] for the case of 3 singularities on the Riemann sphere, which has yet to be expressed in terms of θ 1 , θ 2 and θ 3 .
